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Abstract
We apply ideas of the parquet-diagram and optimized Fermi-hypernetted chain methods to determine the short-range structure
of the pair wave function in neutron matter and compare these with Bethe-Goldstone results and those of low-order variational
calculations. It is shown that the induced interaction, describing the exchange of density, spin, and tensor fluctuations, has a
profound influence on the short-ranged structure of the pair wave function and, hence, on effective interactions in neutron matter.
1. Introduction
It is generally understood that the nature of the wave func-
tion in a many-body system is, at short interparticle distances,
determined by a Schro¨dinger-like equation. The prime example
for this is the time-honored Bethe-Goldstone equation [1, 2, 3,
4, 5] which is basically a 2-body Schro¨dinger equationmodified
by the Pauli principle. Many-body effects are mostly included
through the single-particle spectrum. The literature on the sub-
ject matter is vast, we cite here only early works [6] and review
articles [7, 8].
Similar in spirit is the low-order version of Jastrow-Feenberg
theory. The method begins with a variational ansatz for the
many-body wave function. One assumes a semi-realistic inter-
action of the form
vˆ(i, j) =
n
∑
α=1
vα(ri j)Oˆα (i, j), (1.1)
where ri j = |ri − r j| is the distance between particles i and j,
and the Oα(i, j) are operators acting on the spin, isospin, and
possibly angular momentum variables of the individual parti-
cles. Semi-realistic model potentials use the six base operators
are
O1(i, j; rˆi j)≡ 1, O3(i, j; rˆi j)≡ (σi ·σ j) ,
O5(i, j; rˆi j)≡ Si j(rˆi j)≡ 3(σi · rˆi j)(σ j · rˆi j)−σi ·σ j ,
O2n(i, j; rˆi j) = O2n−1(i, j; rˆi j)τ1 ·τ2 . (1.2)
where rˆi j = ri j/ri j. An appropriate variational wave function is
in this case
ΨSOP0 = S
[ N
∏
i, j=1
i< j
fˆ (i, j)
]
Φ0 , (1.3)
where S stands for symmetrization, and
fˆ (i, j) =
n
∑
α=1
fα (ri j)Oα(i, j) . (1.4)
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The need to symmetrize the operator product in (1.3) causes
considerable complications and no summation method has been
found that comes anywhere close to the diagrammatic richness
of the hypernetted-chain (HNC) summation method for bosons
[16] and fermions [17, 18, 19, 20] that has been achieved for the
case of purely central correlations. The components fα (ri j) of
the correlation operator fˆ (i, j) are therefore often determined
by minimization of the two-body approximation of E0, subject
to a healing constraint [9]. The method is then referred to as
“low order constrained variational method (LOCV)”[10, 11].
The energy expectation value is calculated either in low or-
der, or by partial diagram summations like the “single-operator-
chain (SOC)” method [12, 13]. Both the Bethe-Goldstone equa-
tion and the LOCV determination of the correlations imply only
a minimal inclusion of many-body effects; the fact that they led
to rather different answers has caused significant discussions
[14, 15].
The situation is much simpler for the case of central corre-
lations. Most importantly, the summation method defines a hi-
erarchy of approximations which permit an unconstrained vari-
ational determination of the correlations by minimization of the
energy expectation value E0 [21],
δE0
δ f
(r1,r2) = 0 . (1.5)
For fermions, some care must be taken in the treatment of ex-
change diagrams to permit an unconstrained variation [22].
A further important insight was that the hypernetted chain
summation method together with the unconstrained optimiza-
tion (1.5) corresponds, for bosons, to a self-consistent summa-
tion of both the ring and the ladder diagrams of perturbation
theory [23, 24, 25], in other words the Euler equation (1.5) con-
tains both the Bethe-Goldstone equation and the RPA equation.
This was already observed by Sim, Buchler, and Woo [26]. The
analogy is less systematic for fermions and implies more ap-
proximations, but it was similarly proven for the most impor-
tant classes, namely rings, ladders, and self-energy corrections
[27].
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Similar statements on the connection between diagrammatic
expansions for the symmetrized operator product wave function
(1.3) and Feynman diagrams are not available. One of the rea-
sons is, of course, the lack of a summation procedure that is
as complete as the HNC summations for state-independent cor-
relation and would permit an unconstrained optimization of the
components fα (r) of the correlation operator (1.4). The second,
more subtle reason is that there is evidence that the commuta-
tor terms introduced by the symmetrization procedure actually
correspond to non-parquet diagrams [28].
In view of these complications, Smith and Jackson [29]
started from the idea of parquet-diagram summations and im-
plemented the procedure for a fictive system of bosonic nucle-
ons interacting via a v6 interaction. We have recently followed
up on that idea [30] and extended it to fermions. In gener-
alizing the parquet equations to fermions, we have used the
diagrammatic ideas of the parquet-diagram summations, and
taken, when necessary or appropriate, approximations suggested
by variational wave functions. Most importantly, the form (1.3)
implies that all two-body functions depend only on the distance.
Since the Fermi sea defines a preferred reference frame, such
local functions can be obtained only by specific Fermi-sea av-
erages, we will mention these where appropriate.
2. A brief survey of FHNC-EL and parquet equations
As stated above, the FHNC-EL and parquet diagram sum-
mation implies the self-consistent summation of both ring– and
ladder diagrams. To be more specific, the ring diagrams are de-
rived from a random-phase approximation (RPA) equation for
the response function
χ(q,ω) =
χ0(q,ω)
1− Vˆp−h(q)χ0(q,ω)
S(q) =−
∫ ∞
0
dh¯ω
pi
ℑmχ(q,ω), (2.1)
in terms of a local “particle-hole” interaction Vˆp−h(q). In the
case of state-dependent interactions, Vˆp−h(q) is a linear combi-
nation of local functions V˜
(α)
p−h(q) and the base operators (1.2).
In (2.1) it is more convenient to represent Vˆp−h(q) in the ba-
sis of the operators 1, Lˆ12 =
1
3
(σ1 ·σ2+ S12(rˆ12)) and Tˆ12 =
1
3
(σ1 ·σ2− 2S12(rˆ12)). As usual we define the dimensionless
Fourier transform by including a density factor ρ , i.e. f˜ (q) =
ρ
∫
d3reiq·r f (r).
The second relevant relationship is the Bethe-Goldstone equa-
tion for the pair wave function
〈
k,k′
∣∣ψ∣∣h,h′〉= 〈k,k′∣∣h,h′〉 (2.2)
− n¯(k)n¯(k′)
〈
k,k′
∣∣vψ∣∣h,h′〉
e(k)+ e(k′)− e(h)− e(h′)
.
Above, the e(k) are the single-particle energies. We use the
convention that h,h′,hi are occupied (“hole”) states, p,p
′,pi are
unoccupied (“particle”) states whereas k, q have no restriction.
In making the connection to FHNC-EL, we must define a
pair wave function that is a function of the relative coordinate
or momentum, i.e. it has the feature that
〈
k,k′
∣∣ψ∣∣h,h′〉= 1
N
ψ˜ (|k−h|)≡
1
N
ψ˜(q) .
Similarly, for local interactions, we should have
〈
k,k′
∣∣vψ∣∣h,h′〉= 1
N
[v(r)ψ(r)]F (q) .
where [. . .]F stands for Fourier transform. To ensure this, the
energy denominator in Eq. (2.2) must somehow be approxi-
mated by a function of momentum transfer q = |k−h|. Bethe
and Goldstone [3] set the center of mass momentum to zero,
see also chapter 11 in Ref. 31. Closer to the spirit of varia-
tional theory is to approximate the energy denominator by its
Fermi-sea average
tF(q) =
∑h(1− n(|h+q|))(t(|h+q|)− t(h))
∑h(1− n(|h+q|))
=
h¯2q2
2mSF(q)
.
(2.3)
Eq. (2.2) can then be rewritten in the form
[
h¯2
m
∇2+ v(r)
]
ψ(r) =
ρ
ν
∫
d3r′ℓ2(|r−r′|kF)v(r
′)ψ(r′) (2.4)
where ℓ(x) = 3
x
j1(x), and ν is the degree of degeneracy of the
single-particle states, and SF(q) = 1−
ρ
ν
∫
d3reiq·rℓ2(rkF) is the
static structure function of non-interacting fermions. The ver-
sion of Eq. (2.2) for zero center of mass momentum differs
from Eq. (2.4) only by the fact that ℓ2(|r− r′|kF) is replaced by
ℓ(|r− r′|kF).
Summing the parquet diagrams supplements, among others,
the bare interaction vˆ(r) by an induced interaction wˆI(r) being
defined as the set of particle-hole reducible diagrams. Assum-
ing a particle-hole interaction Vˆp−h(q) of the operator of the
form (1.1), the sum of these diagrams is a priori an energy-
dependent quantity
wˆI(q,ω) =
Vˆ 2p−h(q)χ0(q,ω)
1− Vˆp−h(q)χ0(q,ω)
. (2.5)
The connection between parquet theory and HNC-EL is then
made by defining [23, 24] an energy independent effective in-
teraction wˆ(q) as follows: Calculate the static structure function
S(q) =−
∫ ∞
0
dh¯ω
pi
ℑm
χ0(q,ω)
1− χ0(q,ω)Vˆp−h(q)
=−
∫ ∞
0
dh¯ω
pi
ℑm
[
χ0(q,ω)+ χ
2
0(q,ω)wˆI(q,ω)
]
. (2.6)
Now define an energy independent interaction wˆI(q, ω¯(q)) by
demanding that it gives the same static structure function,
S(q)≡−
∫ ∞
0
dh¯ω
pi
ℑm
[
χ0(q,ω)+ χ
2
0(q,ω)wˆI(q, ω¯(q))
]
.
(2.7)
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This energy independent interaction wˆI(q) ≡ wˆI(q, ω¯(q))
is then taken as a correction to the interaction in the Bethe-
Goldstone equation. For state-dependent interactions it is again
understood that wˆI(q,ω) is a linear combination of local func-
tions and operators of the form (1.1). For solving the Bethe-
Goldstone equation, it is convenient to write both the inter-
action and the induced interaction as a linear combination of
the spin-singlet projector Pˆs = (1−σ1 ·σ2)/4, and the spin-
triplet projectors Pˆt+ = (31+σ1 ·σ2 + S12(rˆ))/6 and Pˆt− =
(31+σ1 ·σ2− 2S12(rˆ))/12.
We also mention briefly the connection to the FHNC-EL
summation method. Diagrammatically we can identify the pair
wave function ψ(r) with the direct correlation function Γdd(r)
ψ(r) =
√
1+Γdd(r) . (2.8)
The equation determining the short-ranged structure of ψ(r) or√
1+Γdd(r) is slightly different from Eq. (2.4), see Eq. (3.33)
of Ref. 27; we found, however, in our numerical applications
that the numerical solutions are very close. We shall, therefore,
not elaborate on this issue any further.
3. Short-ranged structure
Let us now go through a step-by-step analysis of the influ-
ence of the induced interaction and the consequences for other
wuantities for a specific example We have chosen the Reid v6
interaction [32] in the parametrization of Day [33] for neutron
matter at the relatively low density kF = 1fm
−1. We have car-
ried out a sequence of calculations
1. Simply set wˆI(r) zero. That correspond to the Bethe-
Goldstone equation and, in a sense, also to LOCV.
2. Use the state-dependent theory, Eq. (2.7) [30].
3. Use the FHNC-EL (or parquet) version for purely cen-
tral correlations as described, for example, in Refs. 27
or 34. This implies that only the central component the
interaction operator (1.1) is kept.
4. Take the spin-singlet component of the interaction oper-
ator in the Bethe-Goldstone equation but use the induced
interaction from the state-independent calculation.
4. Results
Turning to the key message of our paper, we emphasize
that the essential additional quantity provided by parquet the-
ory or FHNC-EL is the induced interaction wˆI(q). FHNC-EL or
parquet offers the prescriptions (2.7) for calculating this quan-
tity. Fig. 1 shows the the singlet component if the induced
interactions wI(r) coming from a state-dependent and state-
independent parquet calculation, along with the resulting pair
wave functions (2.8). Since the central part of the Reid potential
is less attractive than the singlet projection, the pair wave func-
tion for the state-independent case has no pronounced nearest
neighbor peak.
To isolate the relevance of the induced interaction, we have
also carried out a calculation taking the spin-singlet projection
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Figure 1: (Color online) The figure shows, for the Reid v6 interaction at
kF = 1.0fm
−1, the induced interaction for the case of fully state-dependent par-
quet calculation (red dashed line, left axis) and the corresponding pair wave
function ψ(r) (red solid line, right axis). Also shown are the induced interac-
tion and the pair wave function (2.8) coming from a state-independent parquet
calculation using the central component of v6 only (magenta dashed and solid
lines). The blue line shows the pair wave function when the induced interaction
is taken from the state-independent calculation, but the spin-singlet interaction
is used instead of the central interaction. Note that this version does not lead to
self-consistent solutions of the parquet equation. Also shown is the pair wave
function if the induced interaction is omitted (black solid line).
in the Bethe-Goldstone equation, but the induced interaction
from the state-independent calculation. The result is shown in
blue in Fig. 1. This calculation is somewhat inconsistent at the
state-independent parquet-level because there the correlations
should be determined by the central part of the of the interaction
operator. The resulting pair wave function is close to the one
obtained by simply omitting the induced interaction. However,
taking the spin-singlet component of the interaction in a full
parquet calculation does not lead to self-consistent solutions of
the parquet equations even at very low densities. Hence, it is
very important to include the induced interaction to guarantee
the stability of the system.
We have also tried the original version of Bethe and Gold-
stone, setting the center of mass momentum to zero. The results
are very similar to those shown in Fig. 1, in particular the key
message of our paper on the importance of the induced interac-
tion remains unchanged.
Pair wave functions are auxiliary quantities, effective inter-
actions are more directly relevant for dynamic properties and
pairing phenomena. The essential input is always the particle-
hole interaction, which also determines the induced interaction
wI(r). It is therefore important to both verify the validity of our
analysis and to determine the importnace of the pair wave func-
tion for these interactions. In terms of the quantities introduced
above, the simplest version, dubbed FHNC-EL//0, has the form
V
(α)
p−h(r) =
[
1+Γ
(α)
dd (r)
]
vα(r)+ t
(α)
CW(r)+Γ
(α)
dd (r)w
(α)
I (r) .
t
(α)
CW(r)≡
h¯2
m
∣∣∣∣∇
√
1+Γ
(α)
dd (r)
∣∣∣∣
2
(4.1)
where α stands for the spin-singlet and the two spin-triplet pro-
jections, and t
(α)
CW(r) is the 2-body part of the “Clark-Westhaus”
kinetic energy [11]. In the state-independent approximation, all
3
Γ
(α)
dd (r) are the same. We display the form (4.1) for the sake of
discussion of the essential effects, exchange corrections are im-
portant and have been included in our calculation as described
in Refs. 27 and 30.
The expression (4.1) shows nicely the physical effects that
contribute to the particle-hole interaction. These were described
by Aldrich and Pines [36, 37]:
1. Local screening of the short-ranged repulsion of the bare
interaction. This is described by the factor 1+Γ
(α)
dd (r),
which goes to zero at short distances.
2. The cost in kinetic energy to bend down the wave func-
tion. This leads to some repulsion and a “swelling” of the
core. The effect is described by the kinetic energy term
t
(α)
CW(r).
3. An enhancement of the attraction due to the presence of
other particles. Again, the factor 1+Γ
(α)
dd (r) describes
this effect, note that an attractive interaction generates a
high nearest neighbor peak in the pair wave function and,
hence, enhances the attractive part of the interaction.
4. The last term Γ
(α)
dd (r)w
(α)
I (r) describes the modificaction
of the interactions through the exchange of density or
spin fluctuations.
Returning to Fig. 1, one might wonder why a relatively
small correction to the bare interaction can have a rather pro-
found effect. After all, the well-depth of the spin-singlet Reid
interaction is of the order of 100 MeV. One of the reasons for
the sensitive dependence of the pair wave function on the in-
duced interaction is that the bare singlet interaction has almost
a bound state, the S-wave scattering length is −18.7 fm [35],
in other words the 2-body interaction is close to developing a
bound state and small changes of the interaction can cause large
changes in the pair wave function.
The most important issue for our discussion is the enhance-
ment of the effective interaction due to the enhanced nearest
neighbor peak as shown in Fig. 1. Such an enhancement can,
for example, have significant effects on pairing phenomena in
neutronmatter which depend sensitively on the interaction strength.
To see this effect, we show in Fig. (2) the bare singlet inter-
action and the components of the particle hole interaction 4.1.
The most pronounced effect is evidently the enhancement of the
interaction by the peak in the pair wave function. The kinetic
energy term t
(α)
CW(r) basically causes the “swelling” of the core,
but is not strong enough to compensate for the enhancement of
the attraction.
The long-wavelength limits of the components of the particle-
hole interactions can be related to Landau’s Fermi-liquid pa-
rameters,
V˜
(c)
p−h(0+) = mc
∗2
F F
s
0 , V˜
(σ)
p−h(0+) = mc
∗2
F F
a
0 , , (4.2)
where c∗F =
√
h¯2k2F
3mm∗
is the speed of sound of the non-interacting
Fermi gas with the effective mass m∗, and F
s,a
0 are Landau’s
Fermi liquid parameters.
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Figure 2: (Color online) The figure shows, for the Reid v6 interaction at kF =
1.0fm−1 in the spin-singlet channel the bare interaction vS(r) (black dashed
line), the components
[
1+Γ
(S)
dd (r)
]
vS(r) and t
(S)
CW(r) (blue and red solid line,
respectively) and the full V
(S)
p−h(r) (magenta line).
The two Landau parameters can also be obtained by deriva-
tives of the equation of state as a function of density and spin-
polarization, for example we have for the incompressibility
mc2 =
d
dρ
ρ2
d
dρ
E
N
= mc∗2F (1+F
S
0 ) . (4.3)
Predictions for the Fermi-liquid parameters derived from hy-
drodynamic derivatives and from effective interactions agree
only in an exact theory [22, 38]; good agreement is typically
reached only at very low densities [27].
Fig. 3 shows the calculated Fermi-Liquid parameters F s0
and Fa0 for the Reid v6 model potential as obtained from Eqs.
(4.2) and (4.3). Note that the results for Fs0 differ slightly from
those of Ref. 30 due to improved numerics.
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Figure 3: (Color online) The figure shows the Fermi-liquid parameters Fs0 (red
line, left scale) and Fa0 (blue line, right scale) as obtained from the particle hole
interaction, Eqs. (4.2) for the Reid v6 potential as a function of density. Also
shown is Fs0 as obtained from the equation of state via Eq. (4.3) (black line, left
scale).
A relationship similar to Eq. (4.3) can be derived for Fa0
by calculating the equation of state of a partially spin-polarized
system. Such a calculation goes beyond the scope of this paper,
we note however that our results indicate that Fa0 is positive and
4
of the order of 1 which agrees with several previous calcula-
tions. [39, 40, 41].
Returning to the full particle-hole interaction, we show in
Figs. 4 and 5 a comparison between V˜
(α)
p−h(q) for the central
and the spin-channel for both the state-dependent and the state-
independent theory. Recall that in the state-independent ap-
proximation, all Γ
(α)
dd (r) ≡ Γdd(r) and w
(α)
I (r) ≡ wI(r) are the
same, and we get simply V
(σ)
p−h(r) = [1+Γdd(r)]vσ (r). Evi-
dently the agreement between results from state-dependent and
state-independent calculations is at most qualitative.
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Figure 4: (Color online) The figure shows, for the Reid v6 interaction, the cen-
tral channel of the particle-hole interaction obtained by the full parquet calcu-
lation (red, solid lines) and the state-independent approximation (black, dashed
lines). The interaction strength is given in units of the Fermi energy of the
non-interacting system, h¯2k2F/2m.
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Figure 5: (Color online) Same as Fig. 4 for the spin-channel interaction
V˜
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p−h(q).
5. Summary
We have in this paper highlighted the importance of the
exchange of density and spin fluctuations for the short-ranged
structure of correlations in neutron matter and their immediate
relevance for effective interactions. We have chosen the exam-
ple of neutron matter because this is – next to electrons and
perhaps cold gases away from the uniform limit – one of the
simplest realistic many-body systems. The reason for this sim-
plicity is that neutron natter is, as opposed to liquid 3He and
nuclear matter, not self-bound. A self-bound Fermi system has
necessarily at least two spinodal points below saturation den-
sity which have the immediate consequence that the equation
of state is a non-analytic function of the density. These compli-
cations do not exist in neutron matter and we can focus on the
problem at hand, namely the importance and the treatment of
operator-dependent correlations.
Immediate applications are foreseeable, among others, for
pairing properties of neutron matter which has been discussed
for decades, for a collection of recent review articles, see Ref.
42. Similarly important is the response of neutron matter which
has been discussed over the years, [43, 44, 45].
A completely open issue, which must be resolved before
these phenomena are examined, is the importance of non-parquet
diagrams corresponding to the commutator diagrams in the wave
function (1.3). There is evidence [28] that these diagrams can
be very important whenever the core size of the interaction is
very different in different interaction channels. This is the case
for both the Reid and the Argonne interactions.
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